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1 Introduction

Sargent and Wallace (1981) and Sargent (1986) present the view that sus-

tained fiscal deficits generate long-run inflation because they must eventually

be financed by money creation. Several studies find evidence consistent with

this relationship between fiscal deficits, seigniorage, and inflation. Using data

on 94 market economies, Fischer et al. (2002) obtain a relationship between

fiscal deficits and seigniorage such that a 10 percent deterioration in fiscal

balances leads to a 1.5 percent increase in seigniorage revenue. Moser (1995)

reports that monetary expansions, driven mainly by expansionary fiscal poli-

cies, largely explain inflation in Nigeria. Using data from 107 countries over

the period 1960–2001, Catão and Terrones (2005) find a strong positive rela-

tionship between fiscal deficits and inflation in groups of high-inflation devel-

oping countries. However, they find no comparable relationship for groups

of low-inflation developed countries.

Moreover, seigniorage is related to economic development. Generally, de-

veloping countries rely more on seigniorage than developed countries. East-

erly and Schmidt-Hebbel (1993) report that seigniorage revenue in developing

countries on average exceeds 2 percent of gross domestic product (GDP) over

the period 1965–1989, whereas in industrial countries it averages only 1 per-

cent. Similarly, Aisen and Veiga (2008) find that seigniorage revenue is five

times higher in developing countries than developed countries over the pe-

riod 1960–1999. In addition, they find that in the 1990s average seigniorage

revenue is 14.65 percent of total government revenue in developing countries

and only 1.64 percent in industrial countries. In explanation, Cukierman et

al. (1992), Berument (1998), Click (1998), and Aisen and Veiga (2008) argue

that low central bank independence and unstable political situations cause
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governments in developing countries to rely excessively on seigniorage.

From the studies cited above, there appears to be a relationship between

fiscal deficits, seigniorage, inflation, and economic development. The present

paper theoretically analyzes what causal relationship exists between them

and shows that loose fiscal policies create a poverty trap if a central bank

is not independent, using the following dynamic general equilibrium model.

A Household faces a cash-in-advance (CIA) constraint when it purchases

goods. Similar to Evans and Yarrow (1981), Sargent and Wallace (1981),

Weil (1987), Bruno and Fischer (1990), and Evans (1995), a fiscal authority

runs a deficit and compels a monetary authority to finance the fiscal deficit

through money creation. However, unlike these papers, the present model

includes reserve requirements and capital accumulation. As in Walsh (1984)

and Romer (1985), a commercial bank is required to hold money as reserves.1

As in Haslag (1998), all capital is intermediated by the commercial bank.2

If the ratio of government spending to GDP is high and the fiscal deficit is

large, there are multiple steady states and the initial capital stock determines

which steady state is reached. If the initial capital stock is less than a certain

threshold, the demand for cash and reserves is low because production and

deposits are low. The low demand reduces the inflation tax base (real money

balances), so a high inflation tax rate, i.e. a high inflation rate, is needed to

finance the fiscal deficit. Under the reserve requirement, the high inflation

rate causes capital decumulation by lowering the real rate of interest on

deposits. The capital decumulation further reduces the inflation tax base,

raises the inflation rate, and lowers the real rate of interest on deposits, again

1See also Brock (1989), Chari et al. (1995), Haslag (1998), Freeman and Kydland
(2000), and Basu (2001) for reserve requirements.

2This assumption is plausible because according to Fry (1995), financial systems in
developing economies are dominated by commercial banks.
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decumulating capital. Because of this mechanism, the economy converges to

a steady state where the capital stock is low and the inflation rate is high.

Alternatively, if the initial capital stock is more than the threshold, the

economy converges to a steady state where the capital stock is high and the

inflation rate is low. Both of the steady states are saddle-path stable and the

paths converging to each steady state are uniquely determined. This is the

difference between the present paper and other studies of inflation caused

by fiscal deficits (Evans and Yarrow, 1981; Sargent and Wallace, 1981; Weil,

1987; Bruno and Fischer, 1990; Evans, 1995). In these studies, there are two

steady states, a high-inflation steady state and a low-inflation steady state.

However, the equilibrium paths are indeterminate and do not depend on the

initial capital stock.

The present paper explores what policies are helpful for the economy to

escape from the poverty trap. Decreases in the fiscal deficit and the gov-

ernment’s propensity to spend reduce the inflation rate by causing the gov-

ernment to rely less on seigniorage or expanding the inflation tax base. The

reduction in the inflation rate increases the real rate of interest on deposits

and consequently brings the economy out of the poverty trap. Furthermore,

if the monetary authority is independent, the poverty trap is eliminated, that

is, a unique steady state obtains. It is because the steady-state inflation rate

equals the money growth rate set by the monetary authority independently

of the fiscal position. This is the same as the elimination of the high inflation

trap discussed in Bruno and Fischer (1990).

The remainder of the present paper is organized as follows. Sections 2 and

3 describe the structure and the dynamics of the model economy respectively.

Section 4 shows that under a dependent monetary authority, a poverty trap

arises. This section also argues that tight fiscal policies enable the economy
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to escape the poverty trap, and that an independent monetary authority

removes the poverty trap. Section 5 concludes. The appendices examine the

existence and the dynamic stability of the steady states.

2 The Model

We consider an economy where there are a private sector composed of a repre-

sentative firm, a representative household, and a representative commercial

bank, and a public sector composed of a fiscal and a monetary authority.

There are two assets, money and capital. Whereas both the household and

the commercial bank hold money, the commercial bank directly holds all of

capital.

2.1 The Representative Firm

The representative firm produces goods using labor supplied inelastically by

the representative household and capital kt. As in Haslag (1998), we assume

that all capital is intermediated by the representative commercial bank.

Let f(kt), which satisfies f ′(·) > 0, f ′′(·) < 0, and the Inada condition,

denote the per capita production function of the firm. As usual, the firm’s

profit-maximization problem yields wt = f(kt) − f ′(kt)kt and

rt = f ′(kt), (1)

where wt and rt are the real wage and the real capital rent respectively.

2.2 The Representative Household

The representative household maximizes its lifetime utility:

∫ ∞

0

u(ct)exp(−ρt)dt, u′(·) > 0, u′′(·) < 0,
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where ct is consumption and ρ (> 0) is the subjective discount rate. The

household faces the CIA constraint:

ct ≤ mH
t , (2)

where mH
t represents real cash holdings, and the flow budget constraint:

ȧt = rD
t dt − πtm

H
t + wt − ct − τt, (3)

where at denotes real total assets, consisting of real deposit holdings dt and

mH
t :

at = dt +mH
t , (4)

and rD
t is the real rate of interest on deposits, πt (≡ Ṗt/Pt) is the inflation

rate of the price of goods Pt, and τt is a lump-sum tax.

The current-value Hamiltonian function for the utility-maximization prob-

lem is given by

Ht = u(ct) + λt(r
D
t dt − πtm

H
t + wt − ct − τt) + γt(at − dt −mH

t )

+ ηt(m
H
t − ct),

where λt is the co-state variable associated with (3) and γt and ηt are the

Lagrange multipliers associated with (4) and (2) respectively. We consider

only the case where (2) is binding (ηt > 0).3 The first-order conditions are

then

u′(ct) = λt + ηt, (5)

rD
t λt = γt, (6)

−πtλt + ηt = γt, (7)

λ̇t − ρλt = −γt, (8)

3From (6) and (7), ηt > 0 if rD
t > −πt (the nominal rate of interest on deposits is

positive).
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and the transversality condition: limt→∞ λtatexp(−ρt) = 0.

2.3 The Representative Commercial Bank

The representative commercial bank collects deposits from the household and

rents capital to the firm in order to maximize its profit:

rtkt − πtm
B
t − rD

t dt,

where mB
t denotes real reserve holdings, subject to the balance sheet:

kt +mB
t = dt (9)

and the reserve requirement:

mB
t ≥ εdt, 0 < ε < 1, (10)

where ε is the reserve requirement ratio. The reserve requirement is the same

as those of Walsh (1984), Romer (1985), Chari et al. (1995), Haslag (1998),

Freeman and Kydland (2000), and Basu (2001).

As in these papers, we consider only the case where (10) is binding. Note

that if rt > −πt, which implies that renting capital is more profitable than

holding reserves, then the bank reduces reserve holdings to the minimum

level and therefore it is binding. In this case, the bank’s profit-maximization

problem gives

rD
t = (1 − ε)rt − επt, (11)

representing the equality between the marginal cost and the marginal revenue

of collecting deposits. From (11), increases in the reserve requirement ratio

and the inflation rate reduce the marginal revenue by worsening the distortion
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caused by the reserve requirement or making holding reserves more costly,

and hence they lead to a fall in the real rate of interest on deposits:4

∂rD
t

∂ε
= −(rt + πt) < 0,

∂rD
t

∂πt
= −ε < 0. (12)

From (9) and (10), we obtain dt = kt/(1 − ε) and

mB
t =

ε

1 − ε
kt. (13)

2.4 The Fiscal and Monetary Authorities

Following Evans and Yarrow (1981), Bruno and Fischer (1990, Section 1), and

Evans (1995), we consider the case where a fiscal deficit is only financed by

seigniorage.5 As Bruno and Fischer (1990) point out, this case is consistent

with the situation where government bonds are not absorbed in the domestic

and international financial markets.6

The fiscal authority spends a constant ratio of real GDP:

gt = θf(kt), 0 < θ < 1, (14)

where gt is government spending and θ indicates the government’s propensity

to spend. It always runs a constant fiscal deficit φ as follows:

gt − τt = φ, φ > 0.

The monetary authority is not independent and is compelled to finance the

fiscal deficit through money creation:

φ = ṁt + πtmt (= Ṁt/Pt), (15)

where mt (≡ Mt/Pt) and Mt denote real money balances and the nominal

money supply respectively.
4The first inequality holds in the case where rt > −πt and (10) is binding.
5Sargent and Wallace (1981), Weil (1987), and Bruno and Fischer (1990, Section 2)

include both money and bond financing.
6Click (1998) and Aisen and Veiga (2008) find that the less available external borrowing

becomes, the more a government relies on seigniorage.
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3 The Dynamics

The money market equilibrium is

mt = mH
t +mB

t . (16)

From (2), (13), and (16), ct is given as a function of kt and mt:

ct = mt − ε

1 − ε
kt ≡ c(kt, mt). (17)

From (1), (5)-(7), (11), and (17), the inflation rate is shown as a function of

λt, kt, and mt:

πt =
1

1 − ε

[
u′(c(kt, mt))

λt

− 1

]
− f ′(kt) ≡ π(λt, kt, mt). (18)

From (1), (6), (8), (11), and (18), the law of motion of λt is

λ̇t

λt
= ρ− (1 − ε)f ′(kt) + επ(λt, kt, mt). (19)

The goods market equilibrium is

ct + k̇t + gt = f(kt). (20)

Substituting (14) and (17) into (20) gives the dynamic equation of kt:

k̇t = (1 − θ)f(kt) +
ε

1 − ε
kt −mt. (21)

From (15) and (18), mt moves according to

ṁt = φ− π(λt, kt, mt)mt. (22)

(19), (21), and (22) formulate an autonomous dynamic system of λt, kt, and

mt.
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4 Multiple Steady States

From (19) where λ̇ = 0, the time preference rate equals the real rate of

interest on deposits:

ρ = (1 − ε)f ′(k) − επ (= rD). (23)

From (21) where k̇ = 0, steady-state real money balances are given by

m = (1 − θ)f(k) +
ε

1 − ε
k, (24)

which also represents the steady-state money market equilibrium. Note that

from (2), (13), (14), and (20) where k̇ = 0, the first and second terms on

the right-hand side of (24) are the demand for cash and that for reserves

respectively. From (24), increases in k and ε and a decrease in θ increase the

demand for cash and reserves and hence

dm

dk
> 0,

∂m

∂ε
> 0,

∂m

∂θ
< 0. (25)

Substituting (24) into (22) where ṁ = 0 gives the steady-state inflation

rate as a function of k:7

π =
φ

m
=

φ

(1 − θ)f(k) +
ε

1 − ε
k
≡ π(k) > 0, (26)

which implies

dπ

dk
< 0,

∂π

∂ε
< 0,

∂π

∂θ
> 0,

∂π

∂φ
> 0. (27)

Increases in k and ε and a decrease in θ lower π because from (25) they

expand the inflation tax base. An increase in φ raises π because a higher

inflation tax rate is required to finance the deteriorating fiscal deficit.

7Since π > 0, we find rD > −π and r > −π, implying that both the CIA constraint
(2) and the reserve requirement (10) are binding.
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Substituting (26) into (23) yields

ρ = (1 − ε)f ′(k) − εφ

(1 − θ)f(k) +
ε

1 − ε
k
≡ ψ(k), (28)

where ψ(k) represents the real rate of interest on deposits. Once k is deter-

mined by (28), all steady-state endogenous variables are obtained. However,

ψ(0) (= ∞−∞) is an indeterminate form whereas ψ(∞) = 0 − 0 = 0 < ρ.

Thus, if ψ(0) < ρ, there may be no value of k satisfying (28) and no steady

state.

To ensure the existence of the steady state, the per capita production

function is specified as follows:8

f(k) = Akα, A > 0, 0 < α < 1/2.

Then ψ(k) reduces to

ψ(k) = α(1 − ε)Akα−1 − εφ

(1 − θ)Akα +
ε

1 − ε
k
. (29)

By arranging ψ(k) as follows:

ψ(k) = kα−1

⎡
⎢⎣α(1 − ε)A− εφ

(1 − θ)Ak2α−1 +
ε

1 − ε
kα

⎤
⎥⎦ ,

we find ψ(0) = ∞ · α(1 − ε)A = ∞ > ρ. Hence, there is at least a value of k

satisfying (28) and a steady state.

While the first term on the right-hand side of (29) is decreasing in k, the

second term is increasing in k because of the first property of (27). Thus,

ψ(k) can be a nonmonotonic function of k, depending on the values of the

8The assumption that 0 < α < 1/2 is plausible because the capital elasticity of output
α is usually accepted as being about 0.3.
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parameters. If θ and φ are large, ψ(k) is indeed nonmonotonic (see Ap-

pendix A). Intuitively this is because the second term influences ψ(k) more

significantly as θ and φ become larger. Because of the nonmonotonicity of

ψ(k), there are three values of k satisfying (28), denoted by kl, km, and kh

where kl < km < kh (see Figure 1). Note that from the first property of (27)

π(kl) > π(km) > π(kh).

[Figure 1 around here]

Therefore, we obtain the following proposition:9

Proposition 1. If θ and φ are large, there are three steady states. Moreover,

if the instantaneous utility function has high relative risk aversion, the steady

state where k = kl and the steady state where k = kh are saddle-path stable,

and the steady state where k = km is unstable.

Proof. See Appendix A and B for the existence and the stability of the steady

states respectively.

Proposition 1 implies that the initial capital stock determines which

steady state is reached. If the initial capital stock is less than km, pro-

duction and deposits, and hence the demand for cash and reserves, are low.

Therefore, the inflation tax base is small and a high inflation rate is required

to finance the fiscal deficit (see the first properties of (25) and (27)). The high

inflation rate makes the real rate of interest on deposits lower than the time

preference rate. This induces the household to decumulate capital. Conse-

quently, the economy converges to the steady state where the capital stock is

low (k = kl) and the inflation rate is high (π = π(kl)). Alternatively, if the

initial capital stock is more than km, the economy converges to the steady

9Many papers, e.g. Mankiw (1981), report that relative risk aversion is high (see also
Romer, 2006, Chapter 7).
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state where the capital stock is high (k = kh) and the inflation rate is low

(π = π(kh)). The respective paths converging to the high-inflation steady

state and the low-inflation steady state are uniquely determined. This is

in contrast to Evans and Yarrow (1981), Sargent and Wallace (1981), Weil

(1987), Bruno and Fischer (1990), and Evans (1995), where although there

are a high-inflation steady state and a low-inflation steady state, the equilib-

rium paths are neither uniquely determined nor depend on the initial capital

stock.

4.1 Policy Effects

This subsection investigates policies to bring the economy out of the poverty

trap. From the third and fourth properties of (27), decreases in the fiscal

deficit φ and the government’s propensity to spend θ reduce the inflation

rate. Hence, they increase the real rate of interest on deposits, as shown by

partially differentiating ψ(k) of (28) or (29) with respect to θ and φ:

∂ψ(k)

∂θ
< 0,

∂ψ(k)

∂φ
< 0.

Thus, if θ and φ are decreased, it is possible that the steady states where

k = kl, km disappear and only the steady state where k = kh exists (see

Figure 2).

[Figure 2 around here]

Furthermore, if they are sufficiently decreased, the poverty trap is completely

removed because ψ(k) is monotonically decreasing in k (see Appendix A).

The present analysis suggests that when an economy is on its way to

reaching a steady state where the capital stock is low and the inflation rate

is high, a reduction in fiscal deficits enables the economy to turn around
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and advance toward a steady state where the capital stock is high and the

inflation rate is low. This consequence is somewhat similar to the case of

Bolivia. In September 1985, a fiscal reform, including a reduction in fiscal

deficits, stopped hyperinflation in Bolivia. Afterwards, the rate of real GDP

growth in Bolivia changed from negative to positive.10

In contrast, the sign of ∂ψ(k)/∂ε is ambiguous, that is, a reduction in ε

does not necessarily help the economy escape from the poverty trap. This

is due to the following opposing effects. While it positively affects the real

rate of interest on deposits by improving the distortion caused by the reserve

requirement, it negatively affects the real rate of interest on deposits by

decreasing the inflation tax base and increasing the inflation rate. These

effects are implied by (12) and the second property of (27).

4.2 The Independent Monetary Authority

This subsection shows that if the monetary authority is independent and

not compelled to finance the fiscal deficit, the poverty trap is eliminated

independently of the fiscal position. The monetary authority independently

sets the money growth rate µ as follows:11

Ṁt/Mt = µ, µ > −ρ.

Since ṁt/mt = µ−πt, the steady-state inflation rate equals the money growth

rate:

π = µ. (30)

10See, e.g., Sachs (2005, Chapter 5) for details of the situation in the Bolivian economy.
11Under the assumption that µ > −ρ, from (1), (23), and (30), rD > −π and r > −π.

Thus, both the CIA constraint and the reserve requirement are binding.
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The fiscal authority must cover spending not financed by seigniorage µmt

(= Ṁt/Pt):

gt − µmt = τt,

where, as well as Subsection 2.4, gt = θf(kt).

In this policy regime (28) is invalid. Instead, from (23) and (30), the

steady-state capital stock is uniquely determined by the following equation:

ρ = (1 − ε)f ′(k) − εµ. (31)

Thus, there exists a unique steady state, namely the poverty trap is elimi-

nated. It is because the monetary authority can independently control the

steady-state inflation rate by setting the money growth rate. This is similar

to the elimination of the high inflation trap discussed in Bruno and Fischer

(1990). In contrast to the previous case of a dependent monetary authority,

from (31) we obtain

dk

dθ
= 0,

dk

dφ
= 0,

dk

dε
< 0,

implying that only a reduction in the reserve requirement promotes capital

accumulation.

5 Concluding Remarks

We have constructed a dynamic general equilibrium model where a house-

hold faces a CIA constraint, a commercial bank is required to hold money

as reserves, all capital is intermediated by the commercial bank, a fiscal au-

thority runs a deficit, and a monetary authority is compelled to finance the

fiscal deficit through money creation. If the capital stock is low, production

and deposits, and hence demand for cash and reserves, are low. Since the
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low demand for money reduces the inflation tax base, the fiscal deficit leads

to a high inflation rate. Under the reserve requirement, the high inflation

rate lowers the real rate of interest on deposits and decumulates capital.

Therefore, an economy where the initial capital stock is less than a certain

threshold converges to a steady state where the capital stock is low and the

inflation rate is high.

Tight fiscal policies, such as decreases in the fiscal deficit and the govern-

ment’s propensity to spend, reduce inflation and consequently bring the econ-

omy out of the poverty trap. If they are sufficiently decreased, the poverty

trap disappears. Moreover, an independent monetary authority removes the

poverty trap independently of the fiscal position because it can control the

steady-state inflation rate by setting the money growth rate. These results

suggest that loose fiscal policies can create a poverty trap under low central

bank independence.
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Appendix A The Nonmonotonicity of ψ(k) and

the Existence of the Steady States

This appendix examines the condition for ψ(k) to be not monotonic and

shows that the nonmonotonicity of ψ(k) generates the three steady states.

From (29), differentiating ψ(k) yields

ψ′(k) = εφkα−2 [χ(k) − Φ] ,

where

χ(k) ≡
[
(1 − θ)Akα +

ε

1 − ε
k

]−2 [
α(1 − θ)Ak +

ε

1 − ε
k2−α

]
> 0 (A1)

and

Φ ≡ α(1 − α)(1 − ε)A

εφ
> 0. (A2)

Thus we obtain

ψ′(k) � 0 ⇐⇒ χ(k) � Φ. (A3)

Let us find the form of χ(k) to distinguish the sign of ψ′(k). From (A1),

χ(0) = 0 and χ(∞) = 0.12 Differentiating χ(k) gives

χ′(k) =

(1 − 2α)k

[
α(1 − θ)2A2kα−1 +

2ε(1 − θ)A

1 − ε
− αε2k1−α

(1 − 2α)(1 − ε)2

]
[
(1 − θ)Akα +

ε

1 − ε
k

]3 .

12By arranging χ(k) as follows:

χ(k) =
α(1 − θ)A +

ε

1 − ε
k1−α

[
(1 − θ)Akα− 1

2 +
ε

1 − ε
k

1
2

]2 or χ(k) =
α(1 − θ)Ak−1 +

ε

1 − ε
k−α

[
(1 − θ)Akα−1 +

ε

1 − ε

]2 ,

we find

χ(0) =
α(1 − θ)A

∞ = 0, χ(∞) =
0

[ε/(1 − ε)]2
= 0.
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When χ′(k) = 0, we have

α(1 − θ)2A2kα−1 +
2ε(1 − θ)A

1 − ε
− αε2k1−α

(1 − 2α)(1 − ε)2
= 0, (A4)

where as k increases, the left-hand side decreases monotonically from infinity

to minus infinity. Thus, k satisfying (A4), i.e., χ′(k) = 0 is uniquely obtained.

Letting k̃ denote it, we find

χ′(k) > 0 if k < k̃,

χ′(k) < 0 if k > k̃,

which implies that χ(k) is maximized when k = k̃.

Since from (A1) and (A2) an increase in θ shifts χ(k) upward and an

increase in φ shifts Φ downward:

∂χ(k)

∂θ
=

k2

[
α(1 − θ)A2kα−1 +

εA(2 − α)

1 − ε

]
[
(1 − θ)Akα +

ε

1 − ε
k

]3 > 0,
∂Φ

∂φ
< 0, (A5)

χ(k̃) > Φ if θ and φ are large. Hence, there are two values of k satisfying the

equality of (A3), denoted by k and k in Figure 3.

[Figure 3 around here]

From (A3) and Figure 3, we find that ψ(k) is not monotonic as follows:

ψ′(k) < 0 if k < k,

ψ′(k) ≥ 0 if k ≤ k ≤ k,

ψ′(k) < 0 if k < k.

Because of this nonmonotonicity of ψ(k), there are the three values of k

satisfying (28), as illustrated in Figure 1, and hence the three steady states

mentioned in Proposition 1.
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In contrast, if θ and φ are low, from (A5) we obtain χ(k̃) < Φ, which

implies χ(k) < Φ for any k. Since from (A3) ψ′(k) < 0 for any k, there exists

a unique steady state. That is, the poverty trap is eliminated.

Appendix B The Stability of the Steady States

We linearize (19), (21), and (22) in the neighborhood of the steady states

where m and k are given by (24) and (28) respectively and, from (18), λ is

λ =
u′(c)

(1 − ε) [f ′(k) + π] + 1
. (B1)

Note that in (B1) π is given by (26) and, from (17) and (24), c = (1−θ)f(k).

The linearization yields⎛
⎜⎜⎜⎝

λ̇t

k̇t

ṁt

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

ελπλ −(1 − ε)λf ′′ + ελπk ελπm

0 (1 − θ)f ′ + ε/(1 − ε) −1

−πλm −πkm −πmm− π

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

λt − λ

kt − k

mt −m

⎞
⎟⎟⎟⎠ ,

where, from (18),

πλ = − u′

(1 − ε)λ2
< 0, πk = − εu′′

(1 − ε)2λ
− f ′′ > 0, πm =

u′′

(1 − ε)λ
< 0.

(B2)

Therefore, we obtain the following characteristic equation:

−z3 + q2z
2 + q1z + q0 = 0, (B3)

where

q2 ≡ (1 − θ)f ′ +
ε

1 − ε
+ ελπλ − πmm− π, (B4)

q1 ≡ −
[
(1 − θ)f ′ +

ε

1 − ε

]
(ελπλ − πmm− π) + ελππλ + πkm, (B5)

q0 ≡ −πλλm

[
(1 − ε)f ′′ +

επ

m

{
(1 − θ)f ′ +

ε

1 − ε

}]
= −πλλmψ

′(k). (B6)
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Note that differentiating ψ(k) of (28) and then applying (24) and (26) to the

result we can show that the terms in the square brackets of (B6) equal ψ′(k).

Let z1, z2, and z3, where z1 ≤ z2 ≤ z3, denote roots of (B3). Since

ψ′(k) < 0 if k = kl, kh and ψ′(k) > 0 if k = km (see Figure 1), from (B6) we

obtain

q0 = z1z2z3 < 0 if k = kl, kh, (B7)

q0 = z1z2z3 > 0 if k = km. (B8)

Substituting (B1) and the first and third properties of (B2) into (B4) so

as to eliminate λ and then using (23), we find

q2 =

(
f ′ + π +

1

1 − ε

) (
−u

′′c
u′

)
m

c
+ ρ− θf ′ − π,

where m and π, as well as f ′ and c (= (1 − θ)f), do not depend on a form

of the instantaneous utility function u, as shown by (24) and (26), because

from (28) k is independent of u, and where from (2) and (16) m/c is larger

than one. Therefore, if relative risk aversion −u′′c/u′ is higher than

[θf ′ + π − ρ] c[
f ′ + π +

1

1 − ε

]
m

(< 1),

we get

q2 = z1 + z2 + z3 > 0. (B9)

From (B7) and (B9), we obtain

z1 < 0, z2 > 0, z3 > 0 if k = kl, kh.

Since λt and mt are jumpable and kt is not, both the steady state where

k = kl and the steady state where k = kh are saddle-path stable and the

respective paths converging to the steady states are uniquely determined.
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Substituting (B1) and (B2) into (B5) to eliminate λ, we derive

q1 = −
(
f ′ + π +

1

1 − ε

) [
επ + (1 − θ)f ′

(
−u

′′c
u′

)
m

c

]
− f ′′m

+

[
(1 − θ)f ′ +

1

1 − ε

] [
εf ′ + (1 + ε)π +

ε

1 − ε

]
,

where the first term is negative and the second and third terms are positive.

Thus, if −u′′c/u′ is high, we have

q1 < 0. (B10)

From (B8)-(B10), we find that there is no negative root satisfying (B3) and

hence

z1 > 0, z2 > 0, z3 > 0 if k = km,

implying that the steady state where k = km is unstable.
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Figure 1: The existence of the three steady states
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Figure 2: The effects of decreases in θ and φ

26



Φ

)(kχ

k
kk k~

o

Figure 3: The relationship between χ(k) and Φ
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